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Brane Cosmic String Compactification in Brans-Dicke Theory
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We investigate an alternative compactification of extra dimensions using local cosmic string in the
Brans-Dicke gravity framework. In the context of dynamical systems it is possible to show that there
exist a stable field configuration for the Einstein-Brans-Dicke equations. We explore the analogies
between this particular model and the Randall-Sundrum scenario.
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The search of an alternative compactifi-
cation of extra dimensions is a very interesting
tool to analyze the hierarchy problem in string
theory. Among other physical implications they
provide a beautiful scenario of our universe in-
sering it on a brane [1, 2]. In the Randall-
Sundrum (RS) model there are two 3-branes
in a quite glance orbifold with Z2 symmetry in
five dimensions [3]. A warp factor in the met-
ric shows how this type of model can help us
with the hierarchy problem, and beyond it, the
model is a 5 −D realization of Horava-Witten
solution [4]. Many physical effects related to
the extra dimensions can be calculated using
the standard brane-world gravity [5]. However,
from the point of view of topological defects,
these models use global domain walls to gen-
erate the branes [6]. But cosmologists call our
attention to cosmological problems related to
global defect like domain walls [7]. In this vein
an interesting alternative (global strings) was
given in [9] that provides in six dimensions all
the necessary structure; three-brane plus trans-
verse space.
On the other hand, scalar-tensorial the-
ories, in particular the Brans-Dicke [10], stand
for many reasons as a good laboratory to de-
velop this kind of physical models. First, they
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show a robust relation with gravity coming
from fundamental string theory at low energy.
Second, they can be tested by experimental ob-
servations. Besides, theoretically we hope that
the additional scalar field plays an important
role in the distribution of masses of the funda-
mental particles.
A particular and important characteris-
tic of the models like RS and the one found in
[8, 9] is that the topological defect can compact-
ify the spacetime around it by itself, leading
to a singularity. Topological domain walls and
global strings effectively do it, but if one intro-
duces a time dependent factor on the metric in
the case of a global string the solution presents
a cosmological event horizon free of singular-
ity [11]. However this event horizon is not sta-
ble [12]. In the Einstein’s theory only global
defects have this property. However, when we
look at the equations of a local cosmic string in
the Brans-Dicke theory they seem to have that
property, except for the fact that there is no
singularity at GUT scale [13]. In other words,
local cosmic string in the Brans-Dicke theory
is similar, in this context, to global string in
Einstein’s gravity.
Our effort here is to present a model of
alternative compactification using a local string
in the Brans-Dicke theory. In the course of de-
velopment we shall use several approximations
and by using a dynamical system argument we
arrive at a model similar to the one in [8, 9].
Nevertheless, we would like to stress that the
2main difference between the previous works and
ours is that we use local cosmic string in the
framework of a low energy string theory while
they use a global string in Einstein’s theory. Be-
sides, the space is topologically different since
we end up with a de Sitter behavior, and the
additional scalar field plays an important role
in the warp factor.
We start with the equation
Rµν = 2∂
µσ∂νσ + ε(T
µ
ν −
δµν
p+ 1
T )− 2δ
µ
νΛ
p+ 1
, (1)
which comes from the Brans-Dicke action in
p+3 dimensions in Einstein frame. In (1), Λ is
the cosmological constant, σ is the scalar field,
T µν is the stress tensor of a cosmic string, T is
the trace of the stress tensor and ε = − 1
Mp+1p+3
,
whereMp+3 is the analogue of the Planck mass
in p + 3 dimensions. The equations that make
the relationship between the two frames (the
Jordan-Brans-Dicke and the Einstein frames)
are w = 14β2 − 32 (the Brans-Dicke parameter),
φ˜ = 1εe
−2βσ and g˜µν = e2βσgµν . The physi-
cal quantities (i.e., the quantities defined in the
JBD frame) are the tilde ones. Note that in the
Einstein’s frame the stress tensor is not con-
served.
In order to calculate the metric we ex-
pect that the spacetime has the same symmetry
of the source, and since our source is a cosmic
string, we write down the ansatz
ds2 = eA(−dt2 + dz2i ) + dr2 + eCdθ2, (2)
where i = 1...p and A and C are functions of r
only. So, all the bulk structure has a cylindrical
symmetry. Now we turn to tell a little bit more
about the source.
The standard model for a gauge cosmic
string is the U(1) invariant lagrangean
L =
1
2
(DµΦ)(D
µΦ)∗ + λ(Φ∗Φ− η2)
+
FµνF
µν
16pi
, (3)
whereDµ = ∂µ+ieAµ and Fµν = ∂µAν−∂νAµ.
The ansatz to generate a string-like solution is
Φ = ηXeiθ and Aµ =
1
e (P −1)∂µθ. Here X and
P are also functions of r only. Now, two impor-
tant remarks: first, when the masses of gauge
and scalar fields are equal, the fields have a be-
havior, far from the string in Einstein theory,
given by [14]
eC → r2(1− 4Gη2)2,
P → 2
√
2(1− 4Gη2)γr1/2e−2
√
2r, (4)
X → γr−1/2e−2
√
2r,
where γ is a constant that can be determined
by some boundary condition. Besides, it is pos-
sible to show that in the Brans-Dicke theory
the stress tensor associated to (3) in Einstein
frame is [13]
T tt = T
z
z = −
η2
2
(
X ′2e2βσ + e−CX2P 2e2βσ + 2(X2 − 1)2e4βσ + 1
8
e−CP ′2
)
,
T rr =
η2
2
(
X ′2e2βσ − e−CX2P 2e2βσ − 2(X2 − 1)2e4βσ + 1
8
e−CP ′2
)
, (5)
T θθ =
η2
2
(
−X ′2e2βσ + e−CX2P 2e2βσ − 2(X2 − 1)2e4βσ + 1
8
e−CP ′2
)
,
where prime means derivative with respect to
r.
A remarkable characteristic of the solu-
tion found by Gundlach and Ortiz [13] is that
3the string solution in Brans-Dicke theory can
be obtained using an amazing approximation
far enough from the core, so that (4) is valid, in
such way that eβσ ≃ 1 is still a good approxima-
tion. We shall use it here. Note that in the com-
ponents of stress-tensor it means σ ∼ cte, i.e.
the contribution of a scalar Brans-Dicke field,
as a source, is too small compared with that
one coming from the cosmic string, even in the
r ≫ region. Since we are interested in a ex-
otic compactification model, our system will be
analyzed in the r ≫ region. Taking everything
into account, i. e., substituting the expressions
(4) into (5) and using eβσ ≃ 1 we have, at 1/r
order,
T tt −
T
p+ 1
≃ 16
(1− p
1 + p
)
η2γ2
e−4
√
2r
r
,
T rr −
T
p+ 1
= T θθ −
T
p+ 1
≃ 32η
2γ2
p+ 1
e−4
√
2r
r
.(6)
So, the Einstein-Brans-Dicke equation (1),
after some calculation and calling f(r) =
32εη2γ2
p+1
e−4
√
2r
r , gives
(p+ 1)
(
A′′ +
A′2
2
)
+ C′′ +
C′2
2
≃ −4σ′2 − 2f(r) + 4Λ
p+ 1
, (7)
C′′ +
C′2
2
+
(p+ 1)
2
A′C′ ≃ −2f(r) + 4Λ
p+ 1
, (8)
A′′ +
(p+ 1)
2
A′2 +
A′C′
2
≃ f(r)(p − 1) + 4Λ
p+ 1
. (9)
It is easy to note that even in such approxi-
mation the equations above are not simple. We
shall perform, as in [9], a dynamical system for-
mulation and then, an analysis in the phase
plane. We start with the variables
x = pA′ + C′,
y = C′. (10)
The equations (7) and (8) together give
(f(r) ≡ f)
−4σ′2 = (p+ 1)
(
A′′ +
A′2
2
− A
′C′
2
)
, (11)
and substituting A′′ from (9) we have
− 4σ′2 = (p+ 1)
(
(p− 1)f + 4Λ
p+ 1
− pA
′2
2
−A′C′
)
. (12)
Then, taking into account that x
2−y2
2p =
pA′2
2 +
A′C′, we arrive at
4σ′2 = −(p2 − 1)f − 4Λ
+
(p+ 1)
2p
(x2 − y2) . (13)
The dynamical system (10) can be studied in
the (x, y) plane and the relation (13) is a con-
sistency equation that plays an important role
later on. From (8) it is easy to see that
y′ = −2f + 4Λ
p+ 1
− 1
2p
[xy(p+ 1)− y2], (14)
and (7), (9) and (13) led to
x′ = (p+ 1)(p− 2)f + 4Λ
− 1
2p
[(p+ 1)x2 − xy]. (15)
The equations (15) and (14) form a non-
autonomous dynamical system that is charac-
terized by two critical points
(x¯, y¯)± = ±∆
(
4Λ + f(p+ 1)(p− 2)
,
4Λ
p+ 1
− 2f
)
, (16)
where ∆ =
(
2(p+1)
4Λ(p+2)+f(p2−3)(p+1)
)1/2
, and the
(x¯, y¯)+ and (x¯, y¯)− are the attractor and repel-
lor points, respectively. Basically it means that
there is, at least, one stable configuration for
4the fields (attractor). Looking at (2) one notes
that if p = 3 we have a brane-world picture,
with a transverse space (r, θ). Beyond this, the
attractor point in the phase plane gives the in-
tegral equations to the fields in r ≫, i. e.
σ′2 =
−4f(Λ + 2f)
5Λ + 6f
, (17)
C′ =
( 2
5Λ + 6f
)1/2
(Λ− 2f), (18)
A′ =
( 2
5Λ + 6f
)1/2
(Λ + 2f). (19)
From equation (17) we note that, since
f < 0 (because ε < 0), the cosmological con-
stant is positive and must obey the following
inequality
Λ > 2|f(r)|. (20)
It is a quite remarkable relation: First, it tells
that we are, in fact, dealing with a de Sitter
space. Second, this is a new characteristic of
models of this kind. Like in reference [9], there
are two branches and the system never goes to
the repellor. In a more explicit way, the equa-
tion (20) gives
Λ > 16|ε|η2γ2 e
−4√2r
r
, (21)
which leds to a very small cosmological con-
stant.
The next step is to analyze how this
model can help in solving the hierarchy prob-
lem. Then, after coming back to the physical
frame we have
ds2 =W (r)(ηµνdx
µdxν) + e2βσdr2 +H(r)dθ2,
where W (r) = e2βσ+A, H(r) = e2βσ+C and A,
C and σ are the fields which asymptotic behav-
ior is found in (17)-(19). Explicitly, the function
W (r) intervenes directly in the masses gener-
ated by the Higgs mechanism, just like in [3].
Nevertheless, we should emphasize here that
there is a new possible adjustment provided by
the Brans-Dicke scalar field. However, the way
it appears can not tell, in a rigorous way, its in-
fluence in the Higgs mechanism once the equa-
tions are only valid far from the brane. By all
means, it is clear that inclusion of the Brans-
Dicke field opens a new possibility.
It is easy to note from the equations (17)-
(19) that if one implements the limit f(r) →
0, the scalar field becomes constant, and the
fields A and C are equal, apart of a constant.
When this occurs the functions W (r) and H(r)
become equal and we arrive into a new brane-
world picture, given by
ds2 = ekΛ
1/2r(ηµνdx
µdxν + dθ2) + dr2, (22)
where k, in general, depending on the dimen-
sion and the constants had been absorbed in
new variables (xµ, θ, r). Again, the equation
(22) is valid only in r ≫ region (far from
the string) and we stress the minuteness of
the cosmological constant. Of course, the shape
found in (22) can also be obtained solving the
Einstein’s equations with cylindrical symmetry
without any source and free of approximations,
however there is no physical reason to do it.
We conclude this work stressing that we
believe that this is a promising field of research.
I.e., to realize brane-gravity on this model, an-
alyzing how the extra-dimensions influence in
the calculation of measurable physical amounts
[15]. Especial techniques used in other models
cannot be used here, like among others, Israel
junction conditions [16] at the brane that makes
explicitly use of the Z2 symmetry.
The combination of a local cosmic string
and the low energy string theory such as Brans-
Dicke seems to be a good alternative model
for compactifying extra dimensions from both
physical and topological points of view.
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